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x —[x], if [x]is odd.

51.(4) Given f(x)= {1+[x]—x, if [x] is even.

f(x) and cosnx both are periodic with period 2 and both are even.

10 10
j f (x)cos mx dx :ZJ f(x)cosnx dx
-10 0
¥
2
:10jf(x)005nxdx \ /
0 : ' ; — X
1 -10-9 -2-100 12 9 10
Now, jf(x)cosm dx

0
1 1
:j(l—x)cosm dx :—ju costudu and j f (x)cos nx dx :I(x —1)cos nx dx :—ju cos nu du
0 0

10 1 40 2 10
j f (x)cos nx dx :—Zoju costudu = — _O j f(x)cosnxdx =4

‘IE2
-10 0 -10

52(B) Given, F(x) jox f(Jo)dt
F'(x)=2x f(x)
Also,  F'(x)=f'(x)

) ()
= 2= ()= D=2 J' ro0 I2xdx
2 2
= Inf(x)=x2+c = f(x)=e**¢ = f(x)=KeX [K=e9]
Now, f(0)=1
1-K Hence, f(x)=eX F(2)=J'4etdt:[et]g=e4—1
0

53.(C) Given I(;(Jl—{f ()2 dt = J'OX ft)dt,0<x <1

Differentiating both sides w.r.t. x by using Leibnitz’s rule, we get

(R = f) = F) =1 (Fx)P = J' 09 gy :J_rj.dx = sin"L{f(x)} = +x +¢

VI-{f ()12

Put x=0=sin"HfO}=c = c=0 =  f(x)=tsinx
But f(x)=0, V x €[0,1]
f(x)=sinx

As we know that, sinx <X,V x >0

(1 1 (1 1
sinf—|<—and sin| — |<—
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54.(A)

55.(A)

56.(C)

57.(B)

1 1 1 1
fl—|<—and f|—|<—

X 1
Given,J' f(t)dt:x+J.tf(t)dt
0 X

On differentiating both sides w.r.t x, we get

1
1+1

N

f(x)=1-x f(X).1=> Q1+ x)f(x)=1 = f(x)= ! = f@)=
1+X
f(x)
IimJ. dt = lim =4 [using L'Hospital’s rule]
Xx—1J4 X =1 x—1 X =1
o 2f(x).f'(x)
=)I(|£n>1—=2f(1).f‘(1)=8f‘(1) [ f@)=4]

Here, f(x)+2x = (1—x)2.sin2x +x2 +2x
Where, P : f(x)+2x =2(1+x)2
2(1+x2)=(1—x)25in2x +x2 +2x
= (1—x)23in2x =x%-2x +2
=

Which is never possible.

. P is false.

Again letQ :h(x) =2f(x)+1-2x(1+X)

Where, h(0)=2f(0)+1-0=1
h@)=2f@)+1-4=-1,as h(0O)h() <O

= h(x) must have a solution.

Q is true.

Here, f(x)= (1—x)2.sin2 X +x2 20,V x

And g(x)= g M—Iogt f(t)dt
t+1

1
—Iogx}.

2(x -1
g'(x)={ b

= f(x)

(x +1) +ve
For g'(x) to be increasing or decreasing,
let ¢(x) = 2x 1) —log x
(x +1)

4 1 —(x-27
Px) == 5
(x+1* X x(x+1)
0'(X) <0, for x >1 = ¢(X)< (1) = d(x)< O
From equations (i) and (ii), we get
g'(x)<0 for x € (1, x)

9(x)

is decreasing for x < (1, )

(1—x)23in2x =(1—x)2 +1= (1—x)zcoszx =-1
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SeCX  COSX COSECX.COtx +Sec? X
58. Given, f(x)= cos?x cos? x cosec?x
1 cos? x cos? x

R

Applying R; —

cosx °

SECX  COSX  COSecx.cotx +sec x
f(x) =cosx cos?x cos?x cosec?x

SecxX  COSX COS X
Applying R; - R; -R3 = f(x)

0 0 COSECX.COt X +Sec2 x — cosx
= cosXx |cos?x  cos? x cosec?x
SecX  COSX COS X

= (cosecx.cot x +sec? x —cosx).(cos3 X — COS X).COS X

[sin2 x + cos® x —cos® x.sin? x

5 > .cos? x.sin? x
sin“ x.cos“ x
= —sin?x —cos3x(1—sin2x) = —sin?x —cos® x

m+1 n+2

n/?2 n/2 5 5 /2 2
j f(x)dx = —j (sin“ x + cos® x)dx I sin™ x -cos" xdx =
0 0 0 m+n+2 +n+2

N

[ o - f s A2 | fze an ﬁ:_{Li}: (e

531
7 5,531 4 16 60
2 2 2 2
x Int
59. f(x):J' gt for x >0
11+t
1/x Int
Now, f(l/x)=J. —dt
1 1+t
Put t=1/u = dt =(-1/u?)du
xIn@/u) (-1 X Inu x Int
farx) = [ 2 du - au = |
11+1/u u 1 u(u+1) 1 t(@d+t)
1 X Int X Int x(@A+t)Int xInt 1 2
Now, f(x)+f|— =j dt+J. dt =j T G- —dt_—[(lnt)] - Z(nx)
X 1 (1+t) 1 t@+t) 1 t@d+t) 1 2
1) 1 , 1
Put, x=e ; fe)+f|—|=—(Ine)* =—
e 2 2
t
60. Lett=b-aanda+b =4 = t=4-a-a = t=4-2a = a=2-—

t
and  t=b-(4-b) = t=2-4 = _=b-2 = b=2:
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Again, a <2

=

Now,

Let

For

Again,

Now,

t

J: g(x)dx +I§ g(x)dx = Joz_tlzg(x)dx +IO

2-t/2 2+t/2
Ft) = J'O g(x)dx +J'O g(x)dx

t
2-—<2 = —>0 = t>0
2 2

1 t) 1 t
t>0, F't)=-—g|2-—|+—g|2+— Using Leibnitz's rule
(t) zg( 2] 29[ 2] [Using ]

1 5 t)y 1 5 t
=— +—|—— -
2g 2 2g 2
dg

—>0,Vx eR
dx

2-t/2<2+t/2
t>0

We get g(2+t/2)-g(2-t/2)>0,Vt>0

So,

F'(t)>0,Vt>0

Hence, F(t) increases with t, therefore F(t) increases as (b —a) increases.
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